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1 Introduction
$G$ $\alpha$ $G$ $\beta\in G$ $\beta=\alpha^{k}$ $k$
$G$ $G$








$K$ $\overline{K}$ $K$ $f(x, y)=y^{2}+a_{1}xy+a_{3}y-x^{3}-a_{2}x^{2}-a_{4}x-a_{6}$ $a_{i}\in K$
$E/K$ $:=\{(x, y)\in\overline{K}^{2}|f(x, y)=0\}\cup\{O\}$
$\forall(x, y)\in E\backslash \{O\}$ $\frac{\partial f(x,y)}{\partial x},$ $\frac{\partial f(x,y)}{\partial y}$ $0$ ( )
$E(K)$ $:=\{(x, y)\in K^{2}|f(x, y)=0\}\cup\{O\}$
$E/K$ $K$ $E(K)$ $E$ $K$ $O$
$E/K:y^{2}+a_{1}xy+a_{3}y=x^{3}+a_{2}x^{2}+a_{4}x+a_{6}$
$E$ $O$ $E(K)$ $E$
$K[x, y]/<f(x, y)>$ $K(E)$ $E/K$
$\overline{K}[x,y]/<f(x, y)>$ $\overline{K}(E)$
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2.2 isogeny
$E/K,$ $E’/K$ $K$ $O,$ $O’$ $E,$ $E’$
$\phi:Earrow E’$ $(x, y)arrow(f(x, y), g(x, y))$ $f,$ $g\in\overline{K}(E)$ $\phi(O)=O$
$\phi$ $E$ $E’$ isogeny $Aa$ $f,$ $g\in K(E)$ $\phi$ $K$ isogeny $Aa$
$E$ $E’$ isogeny $Hom(E, E’)$
$K$ isogeny $\phi$ $\phi*:K(E’)arrow K(E)$ $harrow h\circ\phi$
$K(E)/\phi*K(E’)$ $\phi$ $\deg\phi$
$\deg\phi=1$ $E$ $E’$ $K$ $E\cong E’$
$m$ $[m]:Earrow E$ $Parrow m\cdot P:=P+\cdots+P$
$[m]$ $|$ isogeny
$\phi\in Hm(E, E’)$ $\hat{\phi}\circ\phi=\phi\circ\hat{\phi}=[\deg\phi]$ $\hat{\phi}\in Hom(E’, E)$ $\hat{\phi}$




$l\neq p,$ $n$ : $[l]$ : $E[l^{n+1}]arrow E[l^{n}]$ $Parrow l\cdot P$
$\{E[l^{n}], [l]\}_{n\geq 1}$
$\tau_{\iota}(E):=\lim_{arrow n}E[l^{n}]$ ( ) $E$ $l$ Tate
$T_{l}(E)$ rank 2 $Z_{l}$ ( $l$ )
End$(E):=Hom(E, E)$
End$(E)arrow End_{Z_{l}}(T_{l}(E))$ $\phiarrow\phi_{l}$
$Tr(\phi)$ $:=Tr(\phi_{l})$ $\phi$ trace ( $l$ ) $Tr(\phi)\in Z$
24 $p$
$P$ $q=p^{N}$ ( $N$ : )
$Q_{p}$ $p$ $Q_{q}$ $Q_{p}$ $N$ $Z_{q}$ $Q_{q}$
$Q_{q}$ $Z_{q}/2Z_{q}\cong F_{q}$ ( $q$ )
$\pi$ : $Z_{q}arrow F_{q}$ (reduction)
3
$F_{q}$ $q$ , $q=2^{N}$
$F_{q}$ $\overline{E}/F_{q}$ $F_{q}$ $\#\overline{E}(F_{q})$
Theorem 3.1 (Hasse-Weil)
(1) $\#\overline{E}(F_{q})=1+q-Tr(Fr_{q})$





$F_{q}$ ( $F_{q}$ )
$\overline{E}/F_{q}:y^{2}+xy=x^{3}+a_{2}x^{2}+a_{6}$
$a_{2}=0$ ([3] section 3.10)
$j$ $(\overline{E})\in F_{4}$ $\#\overline{E}(F_{q})$ ([3] Theorem 3.66)
($j(\overline{E})$ $E$ j-invariant ([2] p.46))
$j(\overline{E})\not\in F_{4}$
( $F_{q}$ )
$\overline{E}/F_{q}:y^{2}+xy=x^{3}-\overline{\alpha}^{2}$ $\overline{\alpha}\not\in F_{4}$ (1)
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Proposition 3.2.1 ([1] p.12)
$a,$ $b\in Z_{q}$ 1 $\sim$ 3
(1) $a^{2}\neq b^{2}$ , $ab\neq 0$
(2) $a,$ $b\equiv$ lmod4
(3) $a+b\equiv 2mod 8$
$ab$ 1 $mod 4$
$v\sqrt{ab}$ $\frac{a+b}{2},$ $\sqrt{ab}$ 1 $\sim$ 3
$\alpha\in Z_{q}$ $\overline{\alpha}\in F_{q}$ lifl $($ $\pi(\alpha)=\overline{\alpha})$ $E:y^{2}+xy=x^{3}-\alpha^{2}$
Proposition 3.2.2 ([1] p.13)
$\exists a,$ $b\in Z_{q},$ $a\equiv 1+4\alpha+S\alpha^{2}mod 16,$ $b\equiv 1-4\alpha+S\alpha^{2}$ mod16 $s.t$ . $E\cong E_{a,b}$
$E_{a,b}$ : $y^{2}=x(x-a^{2})(x-b^{2})$
$M(a, b):=( \frac{a+b}{2}, \sqrt{ab})$ $E_{M(a,b)}$ : $y^{2}=x(x-( \frac{a+b}{2})^{2})(x-\sqrt{ab}^{2})$
Proposition 3.2.3 ([1] p.15)
$\phi$ : $E_{a,b}arrow E_{M(a,b)}$ 2-isogeny ( 2 isogeny) $ker\phi=\{O, (0,0)\},$ $ker \hat{\phi}=\{O, ((\frac{a+b}{2})^{2},0)\}$ ,
$\hat{\phi}*(\omega)=\omega$
$ker\phi:=\{P\in E_{a,b}|\phi(P)=O\}$ $\omega$ invariant differential ([2] p.46)
$\hat{\phi}*\omega$ ([2] p.35)
3.3 canonical lift
$E/Z_{q}$ $\overline{E}/F_{q}$ $lifl\Leftrightarrow\pi(E)=\overline{E}def$ ( $E$ $\pi$ )










$\mathcal{E}’$ $E,$ $E’$ canonical lift
$Hom(\mathcal{E}, \mathcal{E}’)\cong Hom(E, E’)$ ( $i$ sogeny reduction ) (3)
3.4 $Tr(Fr_{q})$
$Tr(Fr_{q})$ $\mathcal{E}$ $\overline{E}$ canonical lift




$t=Tr(Fr_{q})$ $d=\deg Fr_{q}$ $\overline{t}=Tr(\overline{Fr_{q}})$ $\tilde{d}=\deg\overline{Fr_{q}}$
$E$ End$(E)arrow End(T_{l}(E))$
$Fr_{q}\circ Fr_{q}-[t]\circ Fr_{q}+[d]=[0]$ $\overline{Fr_{q}}\circ\overline{Fr_{q}}-[t]\circ\overline{Fr_{q}}+[d\tilde{]}=[0]$
End$(\mathcal{E})\cong End(\overline{E})$ $Fr_{q}arrow Fr_{q}$
$Fr_{q}\circ Fr_{q}-[t]\circ Fr_{q}+[\tilde{d}]=[0]$ $\overline{Fr_{q}}\circ\overline{Fr_{q}}-[t]\circ\overline{Fr_{q}}+[d]=[0]$














$\overline{\mu}\in F_{q}$ ( $\mu$ reduction ) 1 $Fr_{q}*\varpi=$
$\hat{Fr_{q}}$ { separable $\overline{\mu}\neq 0$ $\mu\in Z_{q}^{\cross}$
Proposition 3.4.3 ([1] p. 17)
$\overline{E}$ canonical lift $\mathcal{E}$
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$\mathcal{E}$ : $y^{2}+xy=x^{3}-\alpha^{2}$ $\exists\alpha\in Z_{q}$ $\pi(\alpha)=\overline{\alpha}$ (4)
Proposition 3.2.2 $\exists a\equiv 1+4\alpha+8\alpha^{2}mod 16,$ $\exists b\equiv 1-4\alpha+8\alpha^{2}$ $s.t$ . $\mathcal{E}\cong \mathcal{E}_{a_{:}b}$
$\mathcal{E}_{a,b}:y^{2}=x(x-a^{2})(x-b^{2})$
$(a_{1} , b_{1})=$ ( $\frac{a+b}{2}$ , Vab) $(a_{n}, b_{n})=( \frac{a_{n-1}+b_{n-1}}{2}, \sqrt{a_{n-1}b_{n-1}})$ $(n\geq 2)$
$\mathcal{E}_{a_{n},b_{n}}$ : $y^{2}=x(x-a_{n^{2}})(x-b_{n}^{2})$ $\Sigma \mathcal{E}_{a_{n},b_{n}}$ : $y^{2}=x(x-\Sigma a_{n^{2}})(x-\Sigma b_{n}^{2})$
$\Sigma$ $Gal(Q_{q}/Q_{2})$ $Z_{q}arrow^{\Sigma}Z_{q}$
$\sigma:F_{q}arrow F_{q}$ $xarrow x^{2}$ $\downarrow$ $\downarrow$
$F_{q}arrow^{\sigma}F_{q}$
$\Sigma \mathcal{E}$ : $y^{2}+xy=x^{3}-\Sigma\alpha^{2}$ IS $\sigma\overline{E}:y^{2}+xy=x^{3}-\sigma\overline{\alpha}^{2}\sigma)$ canonical lift
$\Sigma \mathcal{E}\cong\Sigma \mathcal{E}_{a,b}$
Proposition 3.4.4 ([1] p.20)
$\overline{Fr_{2}}$ : $\mathcal{E}_{a,b}arrow\Sigma \mathcal{E}_{a,b}$ $Fr_{2}$ : $\overline{E}arrow\sigma\overline{E}$ $(x, y)arrow(x^{2}, y^{2})$ lift
$\phi$ : $\mathcal{E}_{a,b}arrow \mathcal{E}_{a_{1},b_{1}}$ Proposition3.2.3






















. . $arrow\Sigma^{N-1}\mathcal{E}_{a_{1},b_{1}}\downarrow\congarrow \mathcal{E}_{a_{1},b_{1}}\downarrow\cong\lambda_{1}$
$\downarrow\cong$ $\downarrow\cong$
$arrow \mathcal{E}_{a,b}$ $arrow\Sigma \mathcal{E}_{a,b}$
$\uparrow\cong$ $\uparrow\cong$
$arrow \mathcal{E}$ $arrow\Sigma \mathcal{E}$
$|$ $|$
. $arrow\overline{E}$ $arrow\sigma\overline{E}$
$\phi:=\phi_{N}0\phi_{N-1^{O}}\cdots 0\phi_{1}$ $\lambda:=\lambda_{1}0\lambda_{2}0\cdots 0\lambda_{N}$
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$\overline{Fr_{q}}=\lambda 0\phi$ (5)
$\overline{Fr_{q}}$ : $\mathcal{E}_{a_{1},b_{1}}arrow \mathcal{E}_{a_{1}.b_{1}}$ $|$ $Fr_{q}$ : $\sigma\overline{E}arrow\sigma\overline{E}$ lift







$ker() \frac{\wedge}{Fr_{2}}=\{O, (\Sigma^{N-k+1}ak^{2},0)\}([1] p. 21)$
$ker(\phi_{k}^{(N-k)})=\{O, (\Sigma^{N-k}a_{k+1^{2}},0)\}$
$\lambda_{k}:(x, y)arrow(u^{2}x, u^{3}y)$ $u= \pm\frac{\Sigma^{N-k+1}ak}{\Sigma N-\kappa_{a}k+1}$
$(\lambda_{k}^{-1})*\omega=\mu_{k}\omega$ $\mu_{k_{\Sigma-}}=\pm\ovalbox{\tt\small REJECT}_{a}^{a_{k}}\Sigma^{\neg N-k+1}k+1$
$\hat{\lambda}*\omega=\mu\omega$ $\mu=\prod_{k=1}^{N}\mu_{k}=\pm_{\overline{a}}a\perp_{-}N+1$ $Tr(Fr_{q})= \pm(\overline{a_{N+1}}a\perp-+q\frac{a_{N+1}}{a_{1}})$
$m=[ \frac{N}{2}+2]$ $\sigma^{m-3}\overline{E}$ $Tr(Fr_{q})= \pm(\frac{a_{m-3}}{a_{m+N-3}}+$
$q \frac{a_{m+N-3}}{a_{m-3}})$





$\overline{\alpha}$ lift $a_{0}’=1+4\alpha’mod 16$ , $b_{0}’=1-4\alpha’mod 16$
$a_{n}’= \frac{a_{n- 1}+b_{n- 1}’}{2}mod 2^{n+4}$ , $b_{n}’=\sqrt{a_{n-1}’b_{n-1}’}mod 2^{n+4}$
$\frac{a}{a_{n+1}}\equiv_{\overline{a}_{n+1}^{\gamma}}^{a_{\acute{R}}}mod 2^{n+3}$ ([1] p.24)
$\frac{a_{m-3}}{a_{m+N-3}}\equiv\frac{a_{\acute{m}-3}}{a_{m+N-3}}mod 2^{m}$
$Tr(Fr_{q}) \equiv\pm\frac{a_{m-3}’}{a_{m+N-3}}$ $mod 2^{m}$ (6)
Theorem 3.1 (2) $Tr(Fr_{q})$
4
Mestre
$\overline{E}:y^{2}+xy=x^{3}-\overline{\alpha}^{2},$ $\alpha\in Z_{q}$ $\overline{\alpha}\in F_{q}$ lift, $E:y^{2}+xy=x^{3}-\alpha^{2}$
$f(X)\in Z[X]$ $F_{q}$ $F_{q}=F_{2}[X]/<f(X)>$
$C$ $K=Q[X]/<f(X)>$ $K$ $Q$ $N$
$Q_{q}=Q_{2}[X]/<f(X)>$ $Q$ $Q_{q}$ $K$ $Q_{q}$
$Q_{q}$ $C$
$a’,$ $b’\in K$ $a’\equiv 1+4\alpha mod 16,$ $b’\equiv 1-4\alpha mod 16$
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$E_{a’,b’}/C:y^{2}=x(x-a^{\prime^{2}})(x-b^{\prime^{2}})$
$E_{a’,b’}$ $\tau_{0}$ $\tau_{0}\in C,$ $Im(\tau_{0})>0$
$z,$ $\tau\in C,$ $Im(\tau)>0$ $\theta(z, \tau)$ $:= \sum_{n=-\infty}^{\infty}exp(\pi in^{2}\tau+2\pi inz)$ $\theta(z, \tau)$
Proposition 4.1 ([4])
$Tr(Fr_{q}) \equiv\pm\frac{\theta(0,2^{m-1}\tau_{0})^{2}}{\theta(0,2^{m+N-1_{\mathcal{T}_{0})^{2}}}}$ $mod 2^{m}$ $m=[ \frac{N}{2}+2]$ (7)
Theorem 4.2 (Riemann 2 [4])
$\theta(0,2\tau)^{2}=\frac{1}{2}\{\theta(0,\tau)^{2}+\theta(\frac{1}{2}, \tau)^{2}\}$ (8)
$\theta(\frac{1}{2},2\tau)^{2}=\theta(0, \tau)\theta(\frac{1}{2}, \tau)$ (9)
$\theta(0,2^{m-1}\tau 0)^{2},$ $\theta(0,2^{m+N-1}\tau 0)^{2}$ $\theta(0, \tau_{0})^{2},$ $\theta(\frac{1}{2}, \tau_{0})^{2}$
$\theta(0, \tau_{0})^{2},$ $\theta(\frac{1}{2}, \tau_{0})^{2}$ $E_{a’,b’}$
Theorem 4.3 (Thomae-Fay [5])
$C$ $E$ : $y^{2}=x(x-a)(x-b)$ $T$
$\exists(\in C$ $s.t$ . $\theta(0, \tau)^{4}=(a,$ $\theta(\frac{1}{2}, \tau)^{4}=\zeta b$
$Tr(Fr_{q}) \equiv\pm\frac{a_{m-1}’}{a_{m+N-1}}mod 2^{m}$
$(a_{1}’, b_{1}’)=( \frac{a’+b’}{2}’\sqrt{a’b’})$ , $(a_{n}’, b_{n}’)=( \frac{a_{\acute{n}-1}+b_{n-1}’}{2}, \sqrt{a_{n-1}’b_{n-1}’})$
5
$C$ $F_{q}$ $g$ $C$ Jacobi $Pic^{0}(C)$ ([2])
$Pic_{F_{q}}^{0}(C):=\{D\in Pic^{0}(C)|\sigma D=D$ for $\forall\sigma\in Gal(\overline{F_{q}}/F_{q})\}$ $Pic^{0}(C)$ $F_{q}$
$Pic_{F_{q}}^{0}(C)$ $Pic^{0}(C)$ $\# Pic_{F_{q}}^{0}(C)$
$F:Carrow C$ $[x0: : x_{n}]arrow[x0^{q} :..: x_{n}^{q}]$ $(q=2^{N})$ ( $q$ Frobenius )
$l$ $J[l]$ $:=\{D\in Pic^{0}(C)|l\cdot D=0\}$ $J[l]\cong(Z/lZ)^{2g}$
$[l]$ : $J[l^{n+1}]arrow J[l^{n}]$ $Darrow l\cdot D$ $\{J[l^{n}], [l]\}_{n\geq 1}$
$T_{t}:= \lim_{arrow n}J[l^{n}]$ ( ) $Pic^{0}(C)$ $l$ Tate
$T_{l}$ t rank $2g$ Zi
$F$ $Z_{l}$ $\tilde{F}$ : $\tau\iotaarrow\tau_{i}$
$\tilde{F}$
$\chi_{F}$ $\chi_{F}$
$2^{g}$ $Z$ monic ( $\chi_{F}$ $l\}_{c}^{}$ )
$\chi_{F}(x)=(x-\pi_{1})\cdots(x-\pi_{9})(x-\overline{\pi}_{1})\cdots(x-\overline{\pi}_{g})$ $\overline{\pi}_{i}=\frac{q}{\pi_{i}}$
$z\in C^{g},$ $\Omega\in \mathcal{H}_{g}:=\{\Omega\in M_{g}(C)|\Omega^{T}=\Omega, Im(\Omega)>0\}$





$\pi_{1}\cdots\pi_{g}$ ( ) $\chi_{F}(x)$ ([6])
$C$ $K$ $X$ $X$ $\Omega_{0}\in\prime H_{g}$
$\pi_{1}\cdots\pi_{g}\equiv\pm\frac{\theta(0,2^{m-1}\Omega_{0})^{2}}{\theta(0_{l}2^{m+N-1}\Omega_{0})^{2}}$ $mod 2^{m}$ ([4])
Theorem 5.2 (Riemann 2 [4])
$\epsilon\in(\frac{1}{2}Z/Z)^{g}$ $\theta(\epsilon, 2\Omega)^{2}=\frac{1}{2^{g}}\sum_{e\in(z^{Z}/Z)^{g}}1\theta(\epsilon+e, \Omega)\theta(e, \Omega)$
$\theta(0,2^{m-1}\Omega_{0})^{2},$ $\theta(0,2^{m+N-1}\Omega_{0})^{2}1$ $\{\theta(\epsilon, \Omega_{0})\}_{\epsilon\in(q^{Z}/Z)^{g}}1$
$\{\theta(\epsilon, \Omega_{0})\}_{\epsilon\in(\tau^{Z}/Z)^{g}}1$ $X$
Theorem 5.3 (Thomae-Fay [4],[5])
$X$ $y^{2}=(x-a_{1})\cdot\cdot$ $\cdot$ $(x-a_{2g+2})$ $C$
$S=\{a_{1}, a_{3}, \cdots, a_{2g+1}\}$ $U_{i}=\{a_{2i-1}, a_{2i}\}$ $i=1,$ $\cdots$ , $g$ $\epsilon=(\epsilon_{1}, \cdots, \epsilon_{9})$ $\epsilon_{i}\in\frac{1}{2}Z/Z$
$U_{\epsilon}= \bigcup_{j}U_{j}$ ($j1$ $\epsilon j\not\in Z$ $i$ ) $S\circ U_{\epsilon}:=S\cup U_{\epsilon}-S\cap U_{\epsilon}$ $x_{a}$ : $a_{i}$ $x$
$X$ $\Omega$ $\epsilon$ $\zeta\in C$











$a_{1},$ $\cdots$ , $at\in N\backslash \{0\}$ , $At=$ ( $a_{1},$ $\cdots$ , at), { $a_{1},$ $\cdots$ , at} $1,$ $<At$ $>=a_{1}N+\cdots+a_{t}N$
$\Psi$ : $N^{t}arrow<A_{t}>$ (ni, $\cdot\cdot\cdot$ , $n_{t}$ ) $arrow\sum_{i=1}^{t}$ aini
$N^{t}$ $\succ$
$M=(m_{1}, \cdots, m_{t})N=(n_{1}, \cdots,n_{t})\in N^{t}$ $C$




$M(a)\in N^{t}$ $\Psi(M)=a$ $M\in N^{t}$ $\succ$
$V(A_{t}):=\{L\in N^{t}\backslash B(At) |L=M+N, M\in N^{t}\backslash B(At), N\in N^{t}\Rightarrow N=(0, \cdots, 0)\}$
$V$ (At) $2\leq i\leq t$ $\{0\}^{i-1}\cross N\cross\{0\}^{t-i}\cap V$(At)
$N_{i}$
$SV(A_{t})$ $:=$ $\{Ni |2\leq i\leq t\}$
$F$ $a_{1},$ $\cdots,$ $a_{t}\in N\backslash \{0\},$ $A_{t}=$
$(a_{1}, \cdots , a_{t}),$ { $a_{1},$ $\cdots$ , at} 1
$\{F_{M}|M\in V(A_{t})\}\subseteq F[X_{1}, \cdots, X_{t}]$ $(D1),$ $(D2)$
$(D1)$ $F_{M}=X^{M}+ \alpha_{L}X^{L}+\sum_{N}\alpha_{N}X^{N}$
$N^{\cdot}$
$X^{M}=X_{1}^{m_{1}}\cdots X_{t}^{m_{t}}$ $M=(m_{1},$ $\cdots,$ $m_{t})$ , $\alpha_{L},$ $\alpha_{N}\in F,$ $\alpha_{L}\neq 0$
$L$ $\Psi(M)=\Psi(L)$ $B$ (At) $\sum_{N}$ $N$ } $\{N\in B(At)|\Psi(N)<\Psi(M)\}$
$(D2)$ $Span_{F}\{X^{N}|N\in B(A_{t})\}\cap(\{F_{M}|M\in V(A_{t})\})=\{0\}$
$Span_{F}\{X^{N}|N\in B(A_{t})\}$ $\{X^{N}|N\in B(A_{t})\}$ $F$
$(\{F_{M}|M\in V(A_{t})\})$ $\{F_{M}|M\in V(A_{t})\}$ $F[X_{1},$ $\cdots,$ $X_{t}]$ o
$I:=(\{F_{M}|M\in V(A_{t})\}),$ $R:=F[X_{1}, \cdots, X_{t}]/I$
Proposition 6.1
(1) $I$




$SV(A_{t})=V$ (At) $(D1)$ $\{F_{M}|M\in V(At)\}$
$(D2)$
(1) $t=2,$ $a_{1}=2,$ $a_{2}=3$
$F(x, y)=y^{2}+(\alpha_{1}x+\alpha_{0})y+\beta_{3}x^{3}+\beta_{2}x^{2}+\beta_{1}x+\beta_{0}=0$ $(\alpha_{i}, \beta_{i}\in F)$ ( )
(2) $t=2,$ $a_{1}=2,$ $a_{2}=2g+1$
$F(x, y)=y^{2}+(\alpha_{g}x^{g}+\cdots+\alpha_{1}x+\alpha_{0})y+\beta_{2g+1}x^{2g+1}+\cdots+\beta_{1}x+\beta_{0}=0$ $(\alpha_{i}, \beta_{i}\in F)$
( )
(3) $t=2,$ $a_{1}=a,$ $a_{2}=b,$ $(a, b)=1$
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